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Abstract
In [Trans. Amer. Math. Soc. 348 (4) (1996)], Blokh et al., studied the space of the ω-limit sets
W(f ), produced by a continuous map on I = [0,1], and established that endowed with the Hausdorff
metric topology on I , this space is compact. For general continuous maps on I2, we show that this
space is not compact and for maps whoseW(F ) is included in a fiber of I2, we present examples of
both types: holding and not holding the property of being compact.
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1. Introduction and notation
Let X be a compact metric space, φ :X → X a surjective continuous map (φ ∈ C(X))
and (X,φ) the discrete dynamical system associated to φ. To understand the dynamical
behavior of the system it is necessary to find out the asymptotic behavior of the orbits of
all points in X (Orbφ(x) = {φn(x)}∞n=0 where φn(x) = φ(φn−1(x)) for n 1 and φ0 is the
identity map on X). It can be made constructing the ω-limit set of all points. Recall that a
point y belongs to the ω-limit set of x by φ, denoted by ωφ(x), if there exists a sequence of
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ωφ(x) is closed and φ-invariant (φ(ωφ(x)) = ωφ(x)). Given a map φ ∈ C(X), we denote
by W(φ) = {ωφ(x): x ∈ X} the family of all ω-limit sets produced by φ.
Endowed with the Hausdorff metric topology (dH ), the spaceK(X) of all closed subsets
of X is compact. In [3] is put in evidence the interest of considering the closedness of
W(φ) in (K(X), dH ) since it is connected with chaotic properties of the map x → ωφ(x)
and it is also useful for the construction of ω-limit sets through limits in the Hausdorff
metric of sequences of ω-limit sets. Indeed if φ ∈ C(X) and W(φ) is dH -compact, given
a sequence (ωn)n∈N in W(φ) dH -convergent to a set A ⊆ X, then there exists x ∈ X such
that A = ωφ(x).
For the case X = I , in [3] is proved the surprising result that for each f ∈ C(I) the
spaceW(f ) is compact. As a general comment can be said that the property of closedness
of W(F ) in (K(I 2), dH ) where F ∈ C(I 2), is not true and some easy examples proving
this can be constructed, even in the class of triangular maps, that is, continuous maps
from I 2 onto itself of the form (x, y) → (f (x), g(x, y)), where f is called the basis map
and gx = g(x, ·), x ∈ I , is called the fiber map (for details on this kind of maps, see for
instance, [7]). For example, taking as a basis map f the identity on I and as fiber map gx ,
transitive map for every x ∈ I (i.e., there is y ∈ I such that ωgx (y) = I ) and holding gx →
Id0 (identity on {0}×I ) when x ↘ 0. In triangular maps certain properties of interval maps
hold, e.g., the periodic structure given by the Sharkovskiı˘’s Theorem (see [6]) but when one
constructs ω-limit sets we find great differences (see [5]).
The fact of the property does not work in the previous example and, probably, for most
of bidimensional transformations it is not a surprise since, roughly speaking, the global
ω-limit set (i.e., the union of the ω-limit set of all points) of this kind of maps is“very big”
as it is shown, in particular, in our example. So, we wonder if in the setting of triangular
maps close in dynamical behavior to that of interval ones, like maps producing ω-limit
sets only in one fiber (i.e., for each x ∈ I , Ix = {x} × I ), say I0, the property would be
true (for details on this subclass of triangular maps, see for instance, [1,2,8]). For such
triangular maps, there exist examples (see [1,2]) for which the property is true, such one
may conjecture that the property works for the subclass of triangular maps producing ω-
limit sets only in one fiber which we denote by F .
The main aim of this paper is to prove that the property of dH -closure for the family
W(F ) in K(I 2) where F belongs to F , is not true. This is done constructing a particular
counterexample. The statement of our main result is:
Theorem. There exists a map F ∈F for whichW(F ) is not closed in (K(I 2), dH ).
As an idea of the proof, for such a map F there exists a sequence of points
{(pi, qi)}i∈2N∗ , N∗ = N ∪ {0}, such that the sequence of their ω-limit sets dH -converges
to a subset {0} × [a, b] of the fiber I0. On the other hand, and we underline this point, we
obtain a property on the ω-limit sets of F (see Lemma 3) which allows us to prove that
there is no point (p, q) ∈ I 2 such that ωF (p,q) = {0} × [a, b]. Therefore W(F ) is not a
dH -closed set in K(I 2).
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In the following, we will denote by πi, i ∈ {1,2}, the canonical projections of I 2 onto I .
For each i ∈ {1,2, . . .} for technical reasons, let εi and δi be chosen as:
εi = 122i+10 , δi =
1 − λi
2i+10
, where λi =
i∑
j=1
1
2j+10
.
Let Ji be the interval [ 12i , 12i−1 ]. Let us divide it into 2i+10 sets in the way:
Ji =
[
1
2i
,
1
2i−1
]
=
2i+10−1⋃
n=0
[
1
2i
+ nεi, 12i + (n + 1)εi
]
.
On other hand, for each n ∈ {0, . . . ,2i+10 − 1}, we consider the zones of I 2:
(a) Ain,1 = [ 12i + nεi, 12i + (n + 12 )εi] × I ,
(b) Ain,2 = [ 12i + (n + 12 )εi, 12i + (n + 1)εi] × I .
From which is deduced, immediately:
(c) Ji × I =⋃2i+10−1n=0 [ 12i + nεi, 12i + (n + 1)εi] × I =⋃2i+10−1n=0 (Ain,2 ∪ Ain,1).
After making the previous divisions on I , we introduce the following triangular map on
I 2:
F : (x, y) → (f (x), g(x, y))
where
(A) f : I → I
f (x) =
{
x − εi if x ∈
[ 1
2i + εi, 12i−1
]
, i = 1,2, . . . ,
εi+1
εi
(
x − 12i
)+ ( 12i − εi+1) if x ∈ [ 12i , 12i + εi], i = 1,2, . . . .
(B) g : I 2 → I (n ∈ {0,1, . . . ,2i+10 − 1})
(b1) i is odd:
• If (x, y) ∈ Ain,2, then
g(x, y) =
{
y − 2δi
εi
(
x − ( 12i + nεi))+ δi if y ∈ [M,1],
0 if y ∈ [0,M],
where M = 2δi
εi
(x − ( 12i + nεi)) − δi .
• If (x, y) ∈ Ain,1, then
– if n = 0,
g(x, y) =
{
y − 2δi+1
εi
(
x − 12i
)+ δi+1 if y ∈ [0,M],
1 if y ∈ [M,1],
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εi
(x − 12i ) − δi+1;
– if n > 0,
g(x, y) =
{
y + 2δi
εi
(
x − ( 12i + nεi))− δi if y ∈ [M,1],
0 if y ∈ [0,M],
where M = − 2δi
εi
(x − ( 12i + nεi)) + δi .(b2) i is even:
• If (x, y) ∈ Ain,2, then
g(x, y) =
{
y + 2δi
εi
(
x − ( 12i + nεi))− δi if y ∈ [0,M],
1 if y ∈ [M,1],
where M = 1 − 2δi
εi
(x − ( 12i + nεi)) + δi .
• If (x, y) ∈ Ain,1, then
– if n = 0,
g(x, y) =
{
y + 2δi+1
εi
(
x − 12i
)− δi+1 if y ∈ [M,1],
0 if y ∈ [0,M],
where M = − 2δi+1
εi
(x − 12i ) + δi+1;
– if n > 0,
g(x, y) =
{
y − 2δi
εi
(
x − ( 12i + nεi))+ δi if y ∈ [0,M],
1 if y ∈ [M,1],
where M = 1 + 2δi
εi
(x − ( 12i + nεi)) − δi .
Remark 1. The dynamical behavior of the map F , previously defined, can be summarized
as follows and it will be verified in the next section (see Lemma 1).
Let (p, q) be a point in Ji × I , i ∈ {1,2, . . .}. Then, its orbit can be thought as a move-
ment through some type of “discrete wave” whose amplitude decreases from Ji+2 × I (see
Fig. 1).
Note that when the point (p, q) belongs to Ji × I with i odd (respectively i even), its
iterates have a decreasing (respectively increasing) tendency of growth in hight until reach-
ing the zones Ai0,1 or A
i+1
2i+11−1,2 where this tendency changes to be increasing (respectively
decreasing).
When i is odd and (p, q) does not belong to Ai0,1 or i is even and (p, q) belongs to
Ai0,1, if the value of M associated to (p, q) in the definition of F , denoted by M(p,q), is
zero (see Fig. 1 point ), the wave is a horizontal line and therefore its total amplitude is
zero.
On one hand, if we suppose that the iterates of (p, q) do not intersect with I ×{0} then:
(a) if M(p,q) is equal to δi , the initial amplitude of the wave (difference in hight between
its first crest and trough (see Definition 1)) is the biggest of all partial amplitudes
(difference in hight between consecutives crests and troughs) which is equal to 1−λi+1
(see Fig. 1 point •);
J.L. García Guirao / Topology and its Applications 153 (2005) 833–843 837Fig. 1.
(b) if M(p,q) ∈ (0, δi) (see Fig. 1 point ), the initial amplitude of the wave is taking
values between zero and 1 − λi+1.
By other hand, the orbit of (p, q) can intersect Ji ×{0}. If Fn(p,q) is the first iterate in
zone Ji × I , belonging to Ji × {0}, the following iterates Fk(p,q), k  n, stay in Ji × {0}
until reaching the next zone Ji+1 × I (see for instance Fig. 1 point ).
When (p, q) ∈ Ai0,1 with i odd, or (p, q) /∈ Ai0,1 with i even, we have an analogous
situation for M(p,q) ∈ [1 − δi,1].
Note 1. Concerning Fig. 1 we underline that, for every point (p, q) ∈ I 2 \ I0, the difference
in hight between two consecutive iterates in zone Ji ×I is the same whenever none of them
intersect I × {0} (if i odd) or I × {1} (if i even).
3. Auxiliary results
The following result, proved in [2, Lemma 2] for other values of δi , establishes bounds
for the difference in hight between every two consecutive iterates by F of points in I 2 \ I0
and describes their form.
Lemma 1. Let (p, q) ∈ Ji0 × I . Then, the following properties hold where i0, i1  1 and
k  0 are integers:
(a) If Fk(p,q) ∈ Ji1 × I , then:
(a1) 0 |π2(F k(p, q)) − π2(F k+1(p, q))|M(Fk(p,q)) if i1 is odd,
(a2) 0 |π2(F k(p, q)) − π2(F k+1(p, q))| 1 − M(Fk(p,q)) if i1 is even,
where M(Fk(p,q)) is, respectively, M(p,q)δi1
δi0
if i0 and i1 are both odd, (1−M(p,q))δi1δi0
if i0 is even and i1 is odd, 1− M(p,q)δi1δi0 if i0 is odd and i1 is even and 1−
(1−M(p,q))δi1
δi0
if i0 and i1 are both even.
(b) Let i  i0 + 1, Fki (p, q) be the first iterate of (p, q) in Ji × I and n ∈ {0,1, . . . ,
2i+10 − 1}. Then:
(b1) If (p, q) ∈ Ai0 and j ∈ {0,1, . . . ,2i+10 − 1}, then:n,2
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(ii) if i is even, π2(F ki+j (p, q)) π2(F ki+j+1(p, q)).
(b2) If (p, q) ∈ Ai0n,1 \ ({ 12i0 + nεi0} × I ) and j ∈ {−1,0,1, . . . ,2i+10 − 2}, then:
(i) if i is odd, π2(F ki+j (p, q)) π2(F ki+j+1(p, q)),
(ii) if i is even, π2(F ki+j (p, q)) π2(F ki+j+1(p, q)).
Definition 1. Let (p, q) ∈ I 2 \ I0. We say that the iterate Fk(p,q), k > 0 integer, is a crest
of the point (p, q) (respectively a trough) if
π2
(
Fk−1(p, q)
)
< π2
(
Fk(p,q)
)
> π2
(
Fk+1(p, q)
)
(
respectively π2
(
Fk−1(p, q)
)
> π2
(
Fk(p,q)
)
< π2
(
Fk+1(p, q)
))
.
Remark 2. We underline the following facts:
(a) In general, when a point (x, y) ∈ I 1
2i
, i positive integer, we consider this point in
Ji+1 × I for its iteration process by F .
(b) By the definition of F and Lemma 1, for each point (p, q) ∈ I 2 \ I0 such that
M(p,q) /∈ {0,1}, there exists an infinite number of troughs and crests which follow al-
ternately one to another. Moreover, by part (b) of Lemma 1 if π2(F k(p, q)) is a trough
(respectively a crest) and π2(F k′(p, q)), k < k′, is the consecutive crest (respectively
the consecutive trough), for each integer l, k  l  k′, π2(F k(p, q)) π2(F l(p, q))
π2(F k
′
(p, q)) (respectively π2(F k(p, q)) π2(F l(p, q)) π2(F k′(p, q))).
(c) We will use d(·, ·) to indicate the euclidean distance in I 2.
Lemma 2. Let i ∈ 2N∗. Then the iterates of order ∑kj=1 2i+j+10, k ∈ N∗, of ( 12i ,1) by F
are:
F
∑k
j=1 2i+j+10
(
1
2i
,1
)
=
{( 1
2i+k , ξi,k
)
if k is odd,( 1
2i+k ,1 + ξi,k
)
if k is even,
where ξi,k =∑kj=1(−1)j+1λi+j and ∑kj=1 2i+j+10 = 0 if k = 0.
Proof. Firstly, it is immediate by the definitions:
ξi,k = 1210
(
1 − 1
3 · 2i
(
1 + 1
2k
))
(k odd) (1)
and
1 + ξi,k = 1 − 13 · 2i+10
(
1 − 1
2k
)
(k even). (2)
By (1) and (2), for each k ∈N∗, ξi,k and 1+ξi,k belong to I . Also, since d(I 1
2i+k
, I 1
2i+k−1
)
= 12i+k and 12i+k = εi+k2i+k+10, by the definition of f ,
f 2
i+k+10
(
1
i+k−1
)
= 1
i+k−1 − 2i+k+10εi+k =
1
i+k . (3)2 2 2
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is the identity map. Suppose k = 1. Then, the iterate of ( 12i ,1) of order
∑1
j=1 2i+j+10 is
F 2
i+11
( 12i ,1). Now, we study each coordinate separately. For the first, by (3), f 2
i+11
( 12i ) =
1
2i+1 and for the second,
π2
(
F 2
i+11
(
1
2i
,1
))
= 1 − 2i+11δi+1 = λi+1,
proving the case k = 1. We suppose, as hypothesis of induction, that the result is true
for k − 1  0 and we will show it for k. Again, we study each coordinate separately. By
hypothesis of induction and (3), for the first coordinate, holds
f
∑k
j=1 2i+j+10
(
1
2i
)
= f 2i+k+10
(
f
∑k−1
j=1 2i+j+10
(
1
2i
))
= f 2i+k+10
(
1
2i+k−1
)
= 1
2i+k
.
Now, to analyze what happens with the second coordinate, we can suppose without loss
of generality that k is even, the case k odd is analogous using the adequate part of the
expression of the hypothesis of induction.
Since k − 1 is odd, by hypothesis of induction
π2
(
F
∑k
j=1 2i+j+10
(
1
2i
,1
))
= π2
(
F 2
i+k+10
(
F
∑k−1
j=1 2i+j+10
(
1
2i
,1
)))
= π2
(
F 2
i+k+10
(
1
2i+k−1
,
k−1∑
j=1
(−1)j+1λi+j
))
,
from which, by (3), the facts ξi,k , 1 + ξi,k ∈ I and the definition of F
π2
(
F
∑k
j=1 2i+j+10
(
1
2i
,1
))
=
k−1∑
j=1
(−1)j+1λi+j + 2i+k+10δi+k
= 1 +
k∑
j=1
(−1)j+1λi+j ,
which establishes the inductive step and the proof is over. 
Remark 3. By Lemma 1 part (b) and Lemma 2, it is not difficult to note that the sequences
of crests and troughs of a point ( 12i ,1), i ∈ 2N∗, are respectively{
(Tk, tk)
}
k∈2N∗+1 =
{(
1
2i+k
, ξi,k
)}
k∈2N∗+1
(troughs),
{
(Ck, ck)
}
k∈2N∗+2 =
{(
1
2i+k
,1 + ξi,k
)}
k∈2N∗+2
(crests).
Lemma 3. If (p, q) ∈ I 2 \ I0, the triangular map F holds the following properties:
(a) if M(p,q) ∈ {0,1}, then ωF (p,q) = {(0, q)},
(b) if M(p,q) /∈ {0,1}, then (0,1) /∈ ωF (p,q).
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k ∈ N∗, Fk(p,q) = (ak, q) with ak 	= 0 and ak → 0 when k → ∞. Therefore, we obtain
that ωF (p,q) = {(0, q)}.
(b) Let i0 be a positive integer such that (p, q) ∈ Ji0 × I . We can assume, without loss
of generality, that i0 is odd. In the case i0 even, the next reasoning would be analogous
using i0 + 2l − 1 instead of i0 + 2l with l  2 integer. This statement will be proved in
two steps. As a first claim, we will show that the sequence of the second coordinates of the
crests of (p, q) by F , is strictly decreasing (it is true too, and the proof is analogous, that
the sequence of the second coordinates of the troughs of (p, q) by F , is strictly increasing).
Indeed, we fix an integer l  2. Since M(p,q) /∈ {0,1}, by Lemma 1 part (b), there exists
Fk(p,q), k ∈ N, a crest of (p, q) in the set Ai0+2l2i0+2l+10−1,2 or A
i0+2l−1
0,1 \ ({ 12i0+2l−1 } × I ).
In both situations, the next crest of the point (p, q) by F is reached in Fk′(p, q), where
the integer k′ = k + 2i0+2l+10 + 2i0+2l+11. Now, for this new crest by Lemma 1 part (a)
(expression of M(Fk(p,q))) and Remark 2 part (b) is:
π2
(
Fk
′
(p, q)
)= π2(Fk(p,q))− 2i0+2l+10 M(p,q)δi0+2l
δi0
+ 2i0+2l+11 M(p,q)δi0+2l+1
δi0
= π2
(
Fk(p,q)
)+ M(p,q)
δi0
(−λi0+2l + λi0+2l+1).
Since λi0+2l < λi0+2l+1, then π2(F k
′
(p, q)) < π2(F k(p, q)), proving the claim.
Now, on a second step we will show that (0,1) /∈ ωF (p,q). As we did before,
for each integer l  2 let (αl, βl) be the crest of (p, q) existing in Ai0+2l2i0+2l+10−1,2 ∪
(A
i0+2l−1
0,1 \ ({ 12i0+2l−1 } × I )). By the first claim is β2 < β1  1, thus let ε > 0 be the value
min{ 12i0+3 ,1 − β2}. Suppose that the point (0,1) ∈ ωF (p,q). Then, there exists s ∈ N∗
such that
0 < d
(
F s(p, q), (0,1)
)
< ε. (4)
Therefore, |π2(F s(p, q)) − 1| < ε  1 − β2 and, since 0  π2(F s(p, q))  1, we obtain
1 − π2(F s(p, q)) < 1 − β2, from which operating we conclude
β2 < π2
(
F s(p, q)
)
. (5)
Let i1 be a positive integer such that F s(p, q) ∈ Ji1 × I . By (4), f s(p) < 12i0+3 . So,
i1  i0 + 4. In this situation, the first claim and part (b) of Remark 2 guarantee that
π2(F s(p, q))  β2 which is not possible by (5). Thus, (0,1) /∈ ωF (p,q) and (b) is
proved. 
Lemma 4. Let (p, q) ∈ I 2 \ I0. If {(α′k, β ′k)}k∈2N∗+1 and {(αk,βk)}k∈2N∗+2 are respectively
its sequences of troughs and crests by F and there exist the limits limk→∞ β ′k = β ′ (k ∈
2N∗ + 1) and limk→∞ βk = β (k ∈ 2N∗ + 2), then ωF (p,q) = {0} × [β ′, β].
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(p, q) ∈ Ji0 × I and 12i1 < ε2 . Now, let ∆ = max{i0 + 1, i1 + 1} and define
i2 =
{
∆ if ∆ is odd,
∆ + 1 if ∆ is even.
Since c ∈ [β ′, β], by first claim of Lemma 3 and part (a) of Lemma 1 there exists (x, y),
iterate of (p, q) by F , holding:
(x, y) ∈ Ji2 × I (6)
and
0 |y − c|M(x,y) δi2 <
1
2i1
<
ε
2
. (7)
In these conditions, (6) guarantees the inequality
0 < x  1
2i2−1
 1
2i1
<
ε
2
. (8)
By (7) and (8),
0 < d
(
(x, y), (0, c)
)=√x2 + (y − c)2  x + |y − c| < ε
2
+ ε
2
from which we obtain {0} × [β ′, β] ⊆ ωF (p,q).
On the other hand, let (γ, δ) /∈ {0} × [β ′, β]. Now, there are two possibilities:
(a) Case γ 	= 0. Since f n(p) → 0 when n → ∞ and γ 	= 0, there exists n0 ∈ N∗ such
that γ − f n0(p) > 0. Let ε = γ−f n0 (p)2 > 0. Then, since the previous convergence is
strictly decreasing, we obtain
γ − f n(p) γ − f n0(p) > γ − f
n0(p)
2
= ε
for each integer n  n0. So, d((γ, δ),F n(p, q))  γ − f n(p) > ε for each integer
n n0 and it implies (γ, δ) /∈ ωF (p,q).
(b) Case γ = 0 and δ /∈ [β ′, β]. Let h > 0 be the distance between {0}×[β ′, β] and {(0, δ)}
and consider ε = h2 > 0. Since limk→∞ β ′k = β ′ (k ∈ 2N∗ + 1) and limk→∞ βk = β(k ∈ 2N∗ + 2), there exists k0 ∈N∗ such that
|βk − β| < ε for each k ∈ 2N∗ + 2, k  k0
and
|β ′k − β ′| < ε for each k ∈ 2N∗ + 1, k  k0.
Let k1 ∈ 2N∗ + 2 and k2 ∈ 2N∗ + 1 such that k1, k2  k0. Then:
βk1 < ε + β and β ′ − ε < β ′k2 . (9)
Now, there exist sk1 , sk2 ∈ N∗ such that βk1 = F sk1 (p, q) and β ′k2 = F sk2 (p, q). Let
sk0 = max{sk1, sk2}. Then, by the first claim stated in the proof of Lemma 3, part (b) of
Remark 2 and (9),
β ′ − ε < β ′  π2
(
F s(p, q)
)
 βk < ε + βk2 1
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d
(
F s(p, q), (γ, δ)
)

∣∣π2(F s(p, q))− δ∣∣> ε
for each integer s  sk0 . Thus, (γ, δ) /∈ ωF (p,q).
By (a) and (b) we show that ωF (p,q) ⊆ {0} × [β ′, β] and the proof is over. 
4. Statement of main results
Theorem. The continuous map F holds the following properties:
(A) There exists a sequence of points {(pi, qi)}i∈2N∗ ⊂ I 2 \ I0 such that:
(A1) ωF (pi, qi) = {0} × [ai, bi] with bi − ai = 1 − 1210 .
(A2) limi→∞ ωF (pi, qi) = {0} × [ 1210 ,1] in the Hausdorff topology of I 2.
(B) ωF (p,q) 	= {0} × [ 1210 ,1] for every (p, q) ∈ I 2.
Proof. (A) Let {(pi, qi)}i∈2N∗ = {( 12i ,1)}i∈2N∗ . By Remark 3, for each point (pi, qi) of
the previous sequence, we know the expression of its troughs and crests by F . By Lemma 4,
if there exist the limits limk→∞ tk = t (k ∈ 2N∗ + 1) and limk→∞ ck = c (k ∈ 2N∗ + 2),
then ωF (pi, qi) = {0} × [t, c]. Now, by (1) and (2) respectively,
tk = ξi,k = 1210
(
1 − 1
3 · 2i
(
1 + 1
2k
))
(k ∈ 2N∗ + 1)
and
ck = 1 + ξi,k = 1 − 13 · 2i+10
(
1 − 1
2k
)
(k ∈ 2N∗ + 2).
Therefore, limk→∞ tk = 1210 (1 − 13·2i ) (k ∈ 2N∗ + 1) and limk→∞ ck = 1 − 13·2i+10 (k ∈
2N∗ + 2). Then, using the previous reasoning
ωF (pi, qi) = {0} ×
[
1
210
(
1 − 1
3 · 2i
)
,1 − 1
3 · 2i+10
]
which establishes (A1). For proving (A2) we calculate the following piecewise limit which
coincides, in this case, with the limit in the Hausdorff metric topology of I 2 (see [4])
lim
i→∞ωF (pi, qi) = limi→∞
(
{0} ×
[
1
210
(
1 − 1
3 · 2i
)
,1 − 1
3 · 2i+10
])
= {0} ×
[
1
210
,1
]
.
(B) Since F is a continuous map on I 2, I0 is a fiber of fixed points. Therefore, for each
(0, q) ∈ I0, ωF (0, q) = {(0, q)} 	= {0} × [ 1210 ,1]. Let now (p, q) ∈ I 2 \ I0. By Lemma 3
part (a), if M(p,q) ∈ {0,1}, then ωF (p,q) = {(0, q)} 	= {0} × [ 1210 ,1]. On the other hand,
if M(p,q) /∈ {0,1}, then by Lemma 3 part (b) the point (0,1) does not belong to ωF (p,q)
and therefore ωF (p,q) 	= {0} × [ 1210 ,1]. 
J.L. García Guirao / Topology and its Applications 153 (2005) 833–843 843Corollary (Main result). The family W(F ) where F ∈ F is the above map is not closed
in (K(I 2), dH ).
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